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1. Introduction

Correlators of two currents, basic objects in Quantum Field Theory, provide important
information for both theoretical and phenomenological applications. Depending on the
Lorentz structure of the current under consideration, different interesting observables are
directly related to these quantities, like the hadronic cross section in electron-positron
annihilation, R(s), and decay rates of Z- and Higgs-bosons.

On this account current correlators are investigated thoroughly in perturbation theory,
where even high order calculations are possible. Some applications, like the determination
of the charm and bottom quark masses through sum-rules carried out to four loops in [fl, P,
corrections to the p parameter [, flj or the recent evaluation of a from low energy data
at the same level of precision [J], require asymptotic expansions of heavy quark correlators
in the low and/or high energy limits. Other studies, however, necessitate the knowledge
of the full external momentum dependence p?, for instance the determination of the fine
structure constant at the Z-boson mass scale, e (Mz) [H]-

Up to the three-loop level, all physically relevant correlators have been computed
including the full quark mass dependence in [fj—f] by deriving Padé approximants from
asymptotic expansions. At four-loop accuracy, in the case of the vector current including
one heavy quark, the first two terms in the low energy series are currently known [, [[d] and
were obtained by direct Taylor expansion of all propagator-type integrals and subsequent
reduction of tadpole diagrams. In the high energy limit, besides the leading massless
contribution [[1-[Iq] , the first two mass correction terms of the absorptive part of the
scalar, vector and axial-vector current correlators are also available [[I7, [1§], partially even
to five loops [[L9, Rq].

Unfortunately, the techniques used to achieve these results are, due to their huge
computational complexity, not suitable for the computation of higher order terms in the
expansions. Thus, reconstructing the full momentum dependence at O(a?) in an analogous



manner to the three-loop case demands a completely different method. A promising and
effective approach in this context is based on differential equations [R1, 7], evaluated in
closed analytical [Rd] or numerical 4] form. Using this technique, we were already able
to compute the first 30 terms in the low energy expanded polarization function at O(a?)
in [B5). Recently, these results were confirmed in utilizing the same approach.

The purpose of this paper is to exploit this method and demonstrate its applicability
up to the four-loop level. We compute the vacuum polarization for low and high energies
as expansions up to (p?)?° and (p?)~'5, respectively, and moreover the full momentum
dependence in numerical form in the Euclidean and Minkowskian region. As new results,
we extend the available information in the high energy domain at O(a?) and provide the
double fermionic contributions to the vector current correlator at O(a?).

This work is organized as follows. In the next section we sum up the relevant notation.
Calculational methods are briefly presented in section 3, whereas the first terms of the

expansions and the numerical results are given in section 4. Finally, we give our conclusions.

2. Definitions

Given the vector current j*(z) = @, (z)v"qn(x) composed of the heavy quark field g, (x)
with mass m, the two point correlator is defined by

I (p) = i / dze' P (0| T5" (x);"(0)[0) (2.1)

where p* is the external momentum. A convenient representation of the tensor ITH(p?)
through the scalar vacuum polarization function IT(p?) is given by

T (p%) = (—p°g" + p"p" ) I(p®) + p'p"TIL(p°). (22)
Transversality of the vector current correlator requires ITz (p?) = 0. Through the optical
theorem the aforementioned hadronic ratio R(s) is related to the current correlator

o(eTe™ — hadrons)

R(s) = = 127ImII(p? = s + ie). (2.3)

oletem — ptp~)
In the framework of perturbation theory, the polarization function can be expanded in
the strong coupling as

k
167) = Qg (22) g2 (2.1

Since in this work the focus is set on double fermionic contributions at O(a?) stemming
form diagrams sketched in figure [l], it is convenient to decompose I13) (p?) into bosonic and
fermionic contributions,

1@ (p?) = cpuP (%) + CE Ca i) | (v?) + Cr CAIEL ,(?) (2.5)
+O3 Tp 1Y), (%) + Cp Ca Tr A (9)
+Cp TR (0?),



Figure 1: Diagrams contributing to H'(ﬁc) (p?). Solid (dashed) lines refer to massive (massless)
propagators.

where HS) (p?) and H((f}) (p?) denote terms proportional to ny and nfe, respectively, with n ¢
being the number of active flavours. Cg refers to the Casimir operator and Tr to the trace
of the fundamental representation of SU(XN). Because of the mass hierarchy in the quark
sector only the heavy quark is considered massive whereas all lighter (n; = ny — 1) quarks
are treated as massless.

Using the fact that the double fermionic contribution contains no massless cuts,
H((f;) (p?) can be expanded in a simple power series in the low energy limit p?> — 0. In
the large energy limit p?> — —oo, however, non-integer powers of p? arise and lead to addi-
tional logarithms of the form log(—p?/m(u)?). Thus, defining z = p?/4m(u)?, we end up
with the expansions

z—0: Hg?(z) = Z CO(p) 2", (2.6)
n>0
z— —00: Hg?(z) = Z Cro () 27" log™ (—2). (2.7)

3. Calculation

The basic idea for computing the full p>-dependence of the vacuum polarization function
is to deal with massive propagator-type integrals. Although the number of integrals is
moderate (approx. 10* for the whole four-loop contribution) they pose a challenge as
far as the reduction to a small set of master integrals is concerned, since two variables,
z and d = 4 — 2¢, the dimension of space-time, are involved. For the determination of
these master integrals, however, an efficient method through differential equations exists
and allows for asymptotic expansions to high orders in the external momentum and high
precision numerics.

In a first step all Feynman diagrams contributing to the double fermionic corrections
have been projected onto scalar integrals, which were subsequently reduced to a set of 46
master integrals with the help of integration-by-parts (IBP) identities [27 and the Laporta
algorithm [2§ implemented in IdSolver 9]

To obtain the master integrals, we used the scaling property of propagator-type inte-
grals P;(p?,m?)

Py(Ap®, Am?) = APIE (5 m)] py 2 2 (3.1)



to get the characteristic differential equation

0 0

p2—2Pi(p27 m2) = _m2—2Pi(p27 m2) + D[PZ (p27 m2)]Pi(p27 m2) (32)
Op om

with D[P;(p?, m?)] being the mass dimension of P;(p?,m?). Using relations generated from

the reduction, the right hand side can again be expressed through master integrals which

leads to a coupled system of inhomogeneous differential equations

d

T P(2) = A=, P (2). (3.3)

The matrix A;;(z,€) is composed of rational functions of z and e. Its block-triangular
form simplifies the problem to a set of several small coupled systems of differential equations
and therefore provides a systematic approach to solutions of P;(z) in terms of expansions
in the external momentum z (or y = —z71).

In the low- (z — 0) and high-energy (y — 0) limits, the system was solved by ansétze
similar to egs. (.6), (R.7) for each master integral and coefficients of the series were deter-
mined recursively up to high powers in z and y, respectively.

Boundary conditions in the low energy limit are given by massive tadpole diagrams
depicted in figure Pl(a), analytically calculated in [B0]. In the opposite limit, all boundary
conditions were determined from automatized diagrammatic large momentum expansions
which lead to products of at most three loop massive tadpoles with massless propagators.
Figure P(b) illustrates the needed propagators at the four-loop level.

The approximate linear complexity of this procedure allows for the computation of
coefficients to, at least in principle, arbitrary depths. In this work, we concentrate on the
first 30 and 15 terms of the expansions for z < 1 and y < 1, respectively, and are thus able
to compute the master integrals in those regions with high precision.

In addition, an exact numerical solution of eq. (B.-3) was accomplished. For this pur-
pose, the e-expanded system of differential equations was directly integrated by means of
the FORTRAN package ODEPACK [BI], using the high precision values at a starting point
|z] < 1. Due to the absence of thresholds in the Euclidean domain, the numerical integra-
tion can easily be carried out along the real axis for z < 0. In the Minkowskian half-plane,
however, (pseudo)thresholds occur and integration along the real axis is only possible below
these special points. On the other hand, by virtue of contour deformation into the complex
plane (see figure ), the master integrals can be solved numerically for arbitrary values of
z > 0, even above z = 1. Variation of the integration contour is used to estimate the real
achieved precision. Furthermore, the Mellin-Barnes (MB) method has been used at a few
points to check the obtained values from direct integration. For this purpose, MB repre-
sentations have been automatically generated with the package MBrepresentation [B,
analytically continued in e and numerically integrated with help of the MB package [BJ.
We observed that the high-energy expansion works very well above at least z > 5 and
therefore the numerical integration was undertaken up to z = 10. This fact is also used as
a cross-check of the high-energy expansion against the numerically computed polarization
function.
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Figure 2: Boundary conditions appearing in the expansions of master integrals.
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Figure 3: Integration contour chosen for the numerical integration

In a last step, we performed the renormalization of the mass m(u), the strong coupling
as(p) and the external current in the MS-scheme.

4. Results

All analytical results for the coefficients in the small- and high-energy series in the MS-
scheme up to the 30th and 15th term, respectively, are available in Mathematica format
together with the source of this paper from http://arxiv.org. Apart from the new
expressions at the four-loop level, we also provide so far unknown terms needed for renor-



malization in the large-energy expansion at the three-loop level. The Taylor series for
z — 0 is already known to sufficient depth 2§, P4].

For the sake of clarity, here we give only the first five terms of both series at O(a?).
The first coefficients in the limit z — 0 are given by
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Figure 4: Comparison between numerics (dotted curve) and expansions of the real part of
CFTQH((;’;) (z) for each coefficient of n; separately. Below threshold (represented by the vertical
line in z = 1), the dashed (solid) curves correspond to low-energy expansions including the first
5 (30) terms. Above threshold the dashed, dash-dotted and solid lines denote the high-energy
expansions including the first 5, 10 and 15 terms, respectively.
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where 1, = log(m(u)?/u?), lo = log(2), a; = Li;(1/2) with Li;(z) the polylogarithm
function and (; the Riemann zeta numbers.

In the limit z — —oo we obtain
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Flgure 5 Comparison between numerics (dotted curve) and expansions of the imaginary part of
CFTQH ( ) for each coefficient of n; separately. The dashed, dash-dotted and solid lines denote
the high-energy expansions including the first 5, 10 and 15 terms, respectively.
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with Iy, = log(—p?/u?) and Iy, = log(—p?/m(u)?). Above, all occuring powers of loga-
rithms are included and therefore the second index as given in eq. (2.7) is ommited.



In figure fj-f| the exact result obtained from numerical integration is compared against
the asymptotic behaviours of different expansion depths for Minkowskian momenta with
m = pu. In both regimes, we find that already a moderate number of terms reproduces the
exact curve very well, for the case of massless corrections (O(n?)) even close to threshold.

5. Conclusions

In this work, the low- and high-energy expansions together with an exact numerical solu-
tion of the double fermionic contribution to the heavy quark vector current correlator in
four-loop approximation were obtained. We have shown that the method of differential
equations provides an excellent tool to compute this quantity with high precision in the
whole momentum region. Consequently, the completion of the IBP reduction represents
the only remaining task to obtain the full vacuum polarization at this order.
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